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We have derived a general separability criterion for a class of two mode non-Gaussian continuous
variable systems, obtained earlier using PPT, violation of which provides sufficient condition for
entanglement. It has been obtained by utilizing the Cauchy-Schwarz inequality and from the basic
definition of separable states. This criterion coincides with the work of Agarwal and Biswas [4] which
involved inequality involving higher order correlation, for testing entanglement in non-Gaussian
states.
I. INTRODUCTION
Peres-Horodecki criterion, also known as positive par-
tial transpose (PPT), is a separable condition for a gen-
eral bipartite state of dimensions 2×2 (two-qubits) and
2×3 (qubit-qutrit) [1]. It can be used for both pure and
mixed states. Peres proposed PPT as a necessary condi-
tion for every separable state, implying that every separa-
ble state must satisfy this condition and some entangled
states may satisfy it as well. Subsequently, Horodecki
showed that it was a necessary and sufficient condition for
separable states of 2×2 and 2×3 dimensions [3] and only
sufficient for higher dimensional states. Peres-Horodecki
criterion states that if the partial transpose of a bipar-
tite density matrix has at least one negative eigenvalue,
then the state must be entangled. The other well known
partial trace criterion (ρA = TrB{ρAB}) is limited to
only pure states as it loses all the information about the
subsystem for the mixed state. The state is entangled
if the reduced density matrix obtained by performing a
partial trace represents a mixed state and is separable if
the reduced density matrix remains a pure state.
Recently, Simon has shown that partial transpose op-
eration on the continuous variable bipartite density op-
erator corresponds to a mirror reflection which inverts
only the momentum of one particle [2] in a two mode
bipartite system described by annihilation operators aˆ =
(xˆa + ipˆa)/
√
2, bˆ = (xˆb + ipˆb)/
√
2 and creation operators
aˆ† = (xˆa − ipˆa)/
√
2, bˆ† = (xˆb − ipˆb)/
√
2. Evidently, un-
der the partial transpose, aˆ → aˆ, aˆ† → aˆ†, bˆ → bˆ† and
bˆ† → bˆ. Using PPT, Simon successfully concluded that
the Peres-Horodecki criterion is a necessary and suffi-
cient condition for separability, for all bipartite Gaussian
continuous variable states. These inequalities involved
variances of relative position and total momentum coor-
dinates of the two subsystems and thus can be verified
experimentally [7].
Subsequently, Duan et al [13] proposed equivalent
inequalities independently using the positivity of the
quadratic forms. It proved that for all the Gaussian
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continuous variable states, violation of these inequalities
provides a necessary and sufficient criterion for entangle-
ment. Mancini et al [15] derived a different form of cri-
terion for entanglement involving second-order moments.
Separability criteria by Duan et al and Mancini et al are
interrelated with each other. Agarwal and Biswas has
shown that Duan et al inseparability criterion is derived
generally and is a weaker inseparability criterion com-
pared to Mancini et al inseparability criterion for Gaus-
sian states [4].
Various criteria for entanglement involving second-
order moments have been tested for the Gaussian states
[8, 11]. However, the existing inseparability criteria for
entangled non-Gaussian states based on second-order
correlations do not provide correct information about
the inseparability [4]. These states admit, SU(2) and
SU(1,1) algebraic structures making them ideal for tak-
ing higher order correlations. In general, SU(2) operators
are related to the interactions between photon and atom,
whereas SU(1,1) is related to the non-linear parametric
generation and conversion of two photons [9].
In this paper, we investigate a class of non-Gaussian
states, which appear in quantum optical systems and
have been studied recently in connection with PPT [4].
We derive a general inseparability criteria for a class of
two mode non-Gaussian continuous variable system uti-
lizing the Cauchy-Schwarz inequality and from the ba-
sic definition of separable states.This criterion coincides
with the work of Agarwal and Biswas [4] which involved
inequality involving higher order correlation, for testing
entanglement in non-Gaussian states.
II. SEPARABILITY CRITERIA USING PPT
We consider following set of operators satisfying SU(2)
algebra
Sx =
a†b+ ab†
2
, Sy =
a†b− ab†
2i
, Sz =
a†a− b†b
2
(1)
The operator Si obey the algebra of angular momentum
operators [Si, Sj ] = iǫijkSk and leads us to the following
uncertainty relation [20]:
∆Sx∆Sy ≥ 1
2
| 〈Sz〉 | (2)
2which leads to
∆
[
a†b+ ab†
2
]
∆
[
a†b− ab†
2i
]
≥ 1
2
∣∣∣∣∣
〈
a†a− b†b
2
〉∣∣∣∣∣ (3)
We now consider the operators of SU(1,1) algebra that
satisfy [Kx,Ky] = −iKz, [Ky,Kz] = iKx and [Kz,Kx] =
iKy, where
Kx =
a†b† + ab
2
,Ky =
a†b† − ab
2i
,Kz =
a†a+ b†b+ 1
2
(4)
From uncertainty relation it follows that
∆Kx∆Ky ≥ 1
2
|〈Kz〉| (5)
which leads to
∆
[
a†b† + ab
2
]
∆
[
a†b† − ab
2i
]
≥ 1
2
∣∣∣∣∣
〈
a†a+ b†b+ 1
2
〉∣∣∣∣∣
(6)
If a state is separable, the associated density matrix re-
mains as a valid density operator under partial transpo-
sition [1]. Under the partial transpose, above inequality
turns into
∆
[
a†b+ ab†
2
]
∆
[
a†b− ab†
2i
]
≥ 1
2
∣∣∣∣∣
〈
a†a+bb†+1
2
〉∣∣∣∣∣ (7)
≥ 1
2
∣∣∣∣∣
〈
a†a+b†b+2
2
〉∣∣∣∣∣ (8)
≥ 1
2
∣∣∣∣∣
〈
a†a+b†b
2
〉∣∣∣∣∣ (9)
On analyzing inequality (3) and inequality (9) we can
conclude that inequality (9) is much stronger than the
inequality (3). Agarwal and Biswas has shown that for
a composite system state of bosonic particles which are
part of an inseparable non-Gaussian state of the Bell
form do not violate the inequality (3) but do violate the
inequality (9) [4].
Explicitly introducing Sx, Sy and Sz in inequality (9)
leads to
∆Sx∆Sy ≥ 1
2
| 〈Sz〉+ 〈b†b〉 | (10)
Therefore we can conclude that this criterion can cer-
tainly detect entanglement for a broad class of non-
Gaussian SU(2) minimum uncertainty states.
Inequality (10) can be written as
∆Sx∆Sy ≥ 1
4
| 〈Na〉+ 〈Nb〉 | (11)
where a†a = Na and b
†b = Nb.
III. A GENERAL CRITERION
We start with the inequality
(∆Sx −∆Sy)2 ≥ 0 (12)
(∆Sx)
2 + (∆Sy)
2 ≥ 2∆Sx∆Sy
which is in general true. Explicit calculation of (∆Sx)
2+
(∆Sy)
2 leads to
(∆Sx)
2 + (∆Sy)
2 =
1
2
[〈a†bab†〉+ 〈ab†a†b〉
− 2〈a†b〉〈ab†〉]
=
1
2
[〈(a†a+ 1)b†b〉+ 〈a†a(b†b+ 1)〉
− 2 | 〈ab†〉 |2 ] (13)
If the states are separable,
|〈ab†〉|2 = |〈a〉〈b†〉|2 (14)
For the separable states Eq. (13) translates into
(∆Sx)
2 + (∆Sy)
2 =
1
2
[〈(a†a+ 1)〉〈b†b〉+ 〈a†a〉〈(b†b+ 1)〉
− 2 | 〈a〉〈b†〉 |2] (15)
=
1
2
[〈(Na + 1)〉〈Nb〉+ 〈Na〉〈(Nb + 1)〉
− 2 | 〈a〉〈b†〉 |2] (16)
We note that the Cauchy-Schwarz inequality yields
|〈a〉|2 ≤ 〈Na〉 and |〈b〉|2 ≤ 〈Nb〉 implying
(∆Sx)
2 + (∆Sy)
2 ≥ 1
2
| 〈Na〉+ 〈Nb〉| (17)
Interestingly this inequality is same as the inequality (11)
which has been deduced using partial transpose. It can
be shown by using inequality (11) and inequality (12),
that is
(∆Sx)
2 + (∆Sy)
2 ≥ 2∆Sx∆Sy and
2∆Sx∆Sy ≥ 1
2
| 〈Na〉+ 〈Nb〉|
(18)
This leads to
(∆Sx)
2 + (∆Sy)
2 ≥ 1
2
| 〈Na〉+ 〈Nb〉| (19)
In analogy to the method applied for finding entan-
glement condition for the operators satisfying SU(2) al-
gebra, it is possible to find similar relations for SU(1,1)
operators. Under partial transpose, the uncertainty re-
lation for operators following SU(2) algebraic structure
leads us to
∆Kx∆Ky ≥ 1
4
|〈a†a− bb†〉|
≥ 1
2
|〈Kz − b†b− 1〉| (20)
3This inequality violates the basic uncertainty relation
(Inequality 5) which is valid for every physical state
showing the inadequacy of using PPT for the entangle-
ment criteria. Explicitly calculating the uncertainties of
these variables and adding them also do not leads us to
any new information other than the uncertainty relation.
IV. CONCLUSION
In conclusion, we have derived a general separability
inequality for a class of two mode non-Gaussian contin-
uous variable systems, obtained earlier using PPT, vi-
olation of which provides sufficient condition for entan-
glement. It has been obtained by utilizing the Cauchy-
Schwarz inequality and from the basic definition of sep-
arable states. We have also shown how PPT violates
uncertainty relation for the operators satisfying SU(1,1)
algebraic structure which makes it inadequate for general
use for determining the entanglement criteria. Since the
separability inequality involves expectation values of ob-
servables, they can be tested experimentally. In future,
we hope to generalize such inseparability inequalities for
other algebraic structures and multi-partite quantum sys-
tems. We also hope that our work can be extended to
arrive at the PPT as an inherent geometric criterion of
separability for the continuous variable states [16] and to
generate stronger condition for inseparability using en-
tanglement witness operator [14].
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